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CYLINDERS IN DEL PEZZO SURFACES 


IVAN CHELTSOV, JIHUN PARK AND JOONYEONG WON 


Abstract. On del Pezzo surfaces, we study effective ample R-divisors such that the comple¬ 
ments of their supports are isomorphic to A^-bundles over smooth affine curves. 


All considered varieties are assumed to be algebraic and defined over an algebraically closed 
field of characteristic 0 throughout this article. 

1. Introduction 


1.1. Cylinders. The purpose of this article is to study cylinders in rational surfaces and, more 
specially, in del Pezzo surfaces. A cylinder in a projective variety A is a Zariski open subset 
that is isomorphic to x A for some affine variety Z. So, if A is a rational surface, then Z is 
just the projective line with finitely many missing points. 

One can easily see that every smooth rational surface contains cylinders ( m Proposi¬ 
tion 3.13]). However, this is no longer true for singular rational surfaces, i.e., there are plenty of 
singular rational surfaces without any cylinder. Let us explain how to find such rational surfaces. 
First, let 5 be a rational surface with quotient singularities and suppose that S has a cylinder 
[/, i.e., a Zariski open subset in S such that U = x Z for some affine curve Z. Consider the 
following commutative diagram 


( 1 . 1 . 1 ) 


pi ^ pi 


P2 

pi = 



^- s 




where pz, P 2 , and p 2 are the natural projections to the second factors, V’ is the rational map 
induced by vr is a birational morphism resolving the indeterminacy of ip, and (pis a morphism. 
By construction, a general fiber of is pi. Let Ci, ... ,Cn be the irreducible curves in S such 
that 

n 

s\u = \Ja. 

i=l 

Then the curves Ci,...,Cn generate the divisor class group Cl(5) of the surface S because 
Cl([/) = 0. In particular, one has 


( 1 . 1 . 2 ) 


n ^ rankCl(S'). 


Let El,..., Er be the vr-exceptional curves, if any, and let T be the section of p 2 that is the 
complement of x pi in pi x pi. Denote by Ci,... ,Cn, and T the proper transforms of the 
curves Ci,... ,Cn, and T on the surface S, respectively. Then T is a section of (p. Moreover, the 
curve T is one of the curves Ci,, Cn and Ei,..., Ej.. Furthermore, all the other curves among 
Cl,... ,Cn and Ei,... ,Er are irreducible components of some fibers of cp. We may assume either 
f = Cl or f = E^. 

If F = Cl, then p) is a morphism. Conversely, if is a morphism, then F = Ci. 
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Let Ai,..., An be arbitrary real numbers. Then 


Kg + AjCj + ^iEi — Tr*(Ks + AjC, 


2=1 


2=1 


2=1 


for some real numbers /ii,... ,/ir- Let T be a general fiber of (j). Then Kg ■ F = —2 by the 
adjunction formula. Put F = vr(T’). 

If f = Fr, then 


= TT 


2=1 


2=1 


2=1 


= TT 


—2+fir — AjCj + iTjE'j j -F 

If f = Cl, then 

—2+Ai = I Kg + AjCj + iTjLli I -F 

V i=l i=l / 

On the other hand, if Ks + Y17=i is pseudo-effective, then 

n 

(iL5 +- F^O 

because F is a general fiber of (j). 


Ks + ^XiCi -F = iLs + ^XiCi -F 


2=1 


+ -2^= iLs + ^AiCi -F 


2=1 


2=1 


2=1 


Remark 1.1.3. We are therefore able to draw the following conclusions: 

• if Ks + XiCi is pseudo-effective, the log pair {S, Y17=i XiCi) is not log canonical; 

• if Ks + X]r=i XiCi is pseudo-effective for some real numbers A* < 2, the rational map V' 
cannot be a morphism. 

This observation is originated from [121 Lemma 4.11], [T21 Lemma 4.14], and [211 Lemma 5.3]. 

From Remark 11.1.31 it immediately follows that if a rational surface with pseudo-effective 
canonical class has only quotient singularities then it cannot contain any cylinder. We will 
present various examples of such surfaces in Section [3l 


1.2. Polar cylinders. In general, it seems hopeless to determine which singular rational sur¬ 
faces have cylinders and which do not have cylinders. This is simply because we do not have 
any reasonable classification of singular del Pezzo surfaces. Instead of this, we are to consider a 
similar problem for polarized surfaces, which has a significant application to theory of unipotent 
group actions in affine geometry (for instance, see [T9j, [20], [21]). To do this, let S' be a rational 
surface with at most quotient singularities. 

Definition 1.2.1 ( [T9]L Let M be an M-divisor on S. An M-polar cylinder in S' is a Zariski 
open subset 1/ of S' such that 

• U = X Z for some affine curve Z, i.e., U is a cylinder in S, 

• there is an effective M-divisor F on S' with D = M and U = S \ Supp(F). 

With the notation at the beginning, the second condition can be rephrased as follows: 

n 

( 1 . 2 . 2 ) M = Y,X^C^ 

2 = 1 

for some positive real numbers Ai,..., A^. We here remark that on a log del Pezzo surface, 
numerical equivalence for Q-divisors coincides with Q-linear equivalence, i.e., if S' is a log del 
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Pezzo surface and M is a Q-divisor, then (|1.2.2p can be rewritten as 

n 

M ~Q ^ XiCi 
i=l 

for some positive rational numbers Ai,..., A^. 

Let Amp(S') be the ample cone of S in Pic(S') (g) M. Denote by Amp‘^^^(5) the set 

{H G Amp(S') : there is an Lf-polar cylinder on S}. 

This set will be called the cone of cylindrical ample divisors of S. We have seen that the set 
Amp'^^^(S') can be empty. On the other hand, one can show that Amp'^^^(S') 7 ^ 0 provided that 
S is smooth (see [H Proposition 3.13]). 

For smooth del Pezzo surfaces, [5] and m have achieved the following: 

Theorem 1.2.3. Let be a smooth del Pezzo surface of degree d. Then the set Amp'^^^(S'rf) 
contains the anticanonical class if and only if d ^ 4. 

Theorem 11.2.31 has been generalised in as follows: 

Theorem 1.2.4. Let Sd be a del Pezzo surface of degree d with at most du Val singularities. 
The set Amp'^y\Sd) contains the anticanonical class if and only if one of the following conditions 
holds: 

• d ^ 4, 

• d = 3 and Sd is singular, 

• d = 2 and Sd has a singular point that is not of type Ai, 

• d = 1 and Sd has a singular point that is not of type Ai, A 2 , A 3 , or D 4 . 

In [ 5 ] and [6] we have witnessed several vague pieces of evidence for the supposition that 
a cylinder polarized by an ample divisor can be obtained by manipulating an anticanonically 
polarized cylinder, if any, on a log del Pezzo surface. 

Conjecture 1.2.5. A log del Pezzo surface S has a {—Ks)-polar cylinder if and only if 
Amp^y\S) = Amp{S). 


2. Main Results 


2.1. Fujita invariant. To investigate the cones of cylindrical ample divisors on log del Pezzo 
surfaces, we adopt the concept, so-called, the Fujita invariant of a log pair defined in m 
Definition 2.2]. This was originally introduced by T. Fujita, disguised as its negative value and 
under the name Kodaira energy ( m, m, m, [ni )• This plays essential roles in Manin’s 
conjecture (see, for example, m, USD- 

Let S' be a log del Pezzo surface and A be a big R-divisor on S. It follows from Cone Theorem 
(see, for instance, [23l Theorem 3.7]) that the Mori cone NE(S') of the surface S is polyhedral. 


Definition 2.1.1. For the log pair (S', A), we define the Fujita invariant of (S, A) by 
fiA ■= inf ^ ^>0 R-divisor Ks + A A is pseudo-effective | . 


The smallest extremal face Aa of the Mori cone NE(S') that contains Ks + p-aA is called the 
Fujita face of A. The Fujita rank of (S', A) is defined by := dim A^. Note that = 0 if and 
only if -Ks = paA. 


Remark 2.1.2. In |15( Definition 2.2], B. Hassett, Sh. Tanimoto, and Yu. Tschinkel define the 
Fujita invariants only for Q-factorial varieties with canonical singularities. For general varieties, 
they define the Fujita invariants by taking the pull-backs to smooth models ( m)- 
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Let (f>A' S ^ Z he the contraction given by the Fujita face of the divisor A. Then either (pA 
is a birational morphism or a conic bundle with Z = (see, for instance, [TJ Subsection 8.2.6]). 
In the former case, the M-divisor A is said to be of type B[rA) and in the latter case it is said 
to be of type C{rA)- 

Now we suppose that S' is a smooth del Pezzo surface of degree d ^ 7. Then the Mori cone 
NE(S) of the surface S is generated by all the (—l)-curves in S (see [71 Theorem 8.2.23]). Let 
H be an ample M-divisor on S. 

If H is of type B{rH), then its Fujita face Ah is generated by rjj disjoint (—l)-curves con¬ 
tracted by 4>h, where r/f ^ 9 —d. If LI is of type C{rH), then Ah is generated by the (—l)-curves 
in the (8 — d) reducible fibers of pn- Each reducible fiber consists of two (—l)-curves that in¬ 
tersect transversally at a single point. 

Suppose that H is of type B^rn)- Let Ei,... ,Eru be all the (—l)-curves contained in Ah- 
These are disjoint and generate the Fujita face Ah- Therefore, 

TH 

(2.1.3) Ks + HhH = ajEj 

i=l 

for some positive real numbers ai,..., ar^j- We have a* < 1 for every i because H ■ Ei > 0. Vice 
versa, for every positive real numbers 6i,..., br„ < 1, the divisor 

rH 

—Ks + biEi 
i=l 

is ample. The set of all ample M-divisor classes of type B{rH) in Pic(S') ig) M is denoted 
by Ampfj^(S’). 

Suppose that H is of type C^rn)- Note that rn = 9 — d- There are a 0-curve B and (8 — d) 
disjoint (—l)-curves Ei, E 2 , E^,... ,Eg_ci, each of which is contained in a distinct fiber of pn, 
such that 

8-d 

(2.1.4) Ks + HhH = aB + ajEj 

i=l 

for some positive real number a and non-negative real numbers oi,..., < 1. In particular, 

these curves generate the Fujita face Ah- Vice versa, for every positive real number b and 
non-negative real numbers 5i,..., bg_d < 1 the divisor 

8-d 

-Ks + bB + J2 biEi 

i=l 

is ample. 

In the case of type C{rH), put in = [{oil®* 7^ 0}l- The M-divisor H is said to be of length in- 
The set of all ample M-divisor classes of type C{rH) with length in in Pic(S') (8)M is denoted by 
Amp^(S'). It is clear that 

8-d 9-d 

Amp(S') = Ampf(S') U Ampf (5). 

e=0 r=0 

Note that Amp^(S') is the ray generated by the anticanonical class [—iL^]. 

2.2. Main Theorems. The goal of the present article is to study the cones of cylindrical ample 
divisors of smooth del Pezzo surfaces. This continues the work of T. Kishimoto, Yu. Prokhorov, 
and M. Zaidenberg in [21] and the work of 1. Cheltsov, J. Park, and J. Won in [5] and [6]. 

Theorem 2.2.1. Let be a smooth del Pezzo surface of degree d. 
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(1) For A ^ d ^9, 

Amj>^y\Sd) = Amp(5rf). 

(2) For d = 3, 

Amp'^y^Ss) = Amp(S’3) \ Amp^(5'3), 

that is, any ample polarization H of S 3 admits an H-polar cylinder unless H = al—Ks^) 
for some a > 0 . 

A. Perepechko verified that Amp‘^^^(5rf) = Amp(iS'rf) for d ^ 5 by showing that the ample 
cones of smooth del Pezzo surfaces of degrees at least 5 are contained in the cones generated by 
components of a certain effective divisor the complement of the support of which is a cylinder 
( m Subsection 3.2]). However, his method cannot be fully generalised to del Pezzo surfaces 
of lower degrees. Indeed, he yielded partial description of Amp'^^^(S' 4 ) ( [36l Theorem 7]) and 
thereafter J. Park and J. Won showed that Amp'^^^(S' 4 ) = Amp(S' 4 ) using the same idea as in 
the present article ( m)- 

The proof of Theorem 12.2.11 is given in Subsection 14.21 


Corollary 2.2.2. Conjecture \1.2. 5\ holds for smooth del Pezzo surfaces. 


In order to analyze Coni ecture 11.2.51 for smooth del Pezzo surfaces we do not have to study the 
sets Amp'^^^(S') for del Pezzo surfaces of degrees ^ 3 since these surfaces do not have (—Ar 5 )-polar 
cylinders already. Only Theorem l2.2.11 111 is required. Meanwhile, Theorem l2.2.11 121 completely 
describes the set Amp'^*'^(S') for smooth del Pezzo surfaces of degree 3. After [5] resolved the 
question whether the anticanonical class lies in Amp'^^^(S') or not for a smooth cubic surface S, 
Yu. Prokhorov proposed a more general problem: 

To describe the cones of cylindrical ample divisors of smooth cubic surfaces. 

Theorem 12. 2. II l2l gives the complete answer to Yu. Prokhorov’s problem. It is however natural 
that Yu. Prokhorov’s problem should be extended to smooth del Pezzo surfaces of degrees ^ 2. 
In the present article we also give some partial descriptions for them as follows: 


Theorem 2.2.3. Let be a smooth del Pezzo surface of degree d ^ 3 and H be an ample 
W-divisor of Fujita rank vh on Su. If r^ ^ 3 — d, then no H-polar cylinder exists on Su. 


Theorem 12.2.31 immediately shows that 


Amp‘’^'(5,)f| 



= 0 


for a smooth del Pezzo surface Sd of degree d ^ 3. The proof of the theorem follows from 
Theorems 15.2.31 and 15.2.41 


Theorem 2.2.4. Let S be a smooth del Pezzo surface of degree 2. Then 


( 1 ) 

( 2 ) 


7 

Amp^y^S) D Ampf (5). 

r=3 


Amp'^^^(S') Pi Ampf (5) / 0. 


6 

Amp‘^^^(5) D P Amp^(S'). 
£=3 


( 3 ) 
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(4) For each 0 ^ £ ^6 

Amp'^^^(5) Pi Ampf (S') / 0. 

In Theorem 12.2.41 (1) follows from Theorem 16.2.21 (2) from Theorem 16.2.31 (3) from Theo¬ 
rem and (4) from Theorem I6.2.111 

Theorem 2.2.5. Let S be a smooth del Pezzo surface of degree 1. Then 

(1) For each 3 ^ r ^ 8 

Amp'^y\S)f]Amp^iS) / 0 . 

(2) For each 0 ^ ^ 7 

Amp" 2 ^'(S)pAmpf(S) ^ 0 . 

The statement follows from Propositions 16.3.11 and 16.3.21 

3. Rational singular surfaces without any cylinder 

3.1. Examples. Before we proceed, let us remind that a normal surface singularity is Kawamata 
log terminal if and only if it is a quotient singularity ( m Corollary 1.9]). A projective surface 
with quotient singularities is always Q-factorial. 

Definition 3.1.1. A normal projective surface with quotient singularities is called a log Enriques 
surface if its canonical class is numerically trivial and its irregularity is zero. It is called a log 
del Pezzo surface if its anticanonical class is ample ( [29]). 

We are now ready to present several examples of rational singular surfaces without any cylin¬ 
der. 

Example 3.1.2. J. Kollar has constructed a series of rational surfaces with ample canonical 
classes in |22j . The following is an easy example based on his construction. 

Let 01 , 02 , 03 , 04 ; 'Wi,W 2 ,W 3 ,W 4 be positive integers such that 

• aiWi +W 2 = a 2 W 2 + W 3 = a 3 W 3 +W4 = 04^4 -I- Wi] 

• gcd(t(;i,u;3) = 1, gcd{w2,Wi) = 1. 

From the first condition above we obtain 

W\ = ( 02^304 — 030-4 + 04 — 1), W 2 = (010304 — O 1 O 4 -|- Ol — 1), 

W 3 = (040204 — 0402 -l- 02 — 1 ), W 4 = (010203 — 0203 -l- 03 — 1 ). 

Let S be the Klein-type hypersurface in F{wi,W 2 ,W 3 ,W 44 ) defined by the quasi-homogeneous 
equation of degree (04020304 — 1 ) 

Xi^X2 + X^X3 + ^ 3 ^X 4 -|- xl^xi = 0 . 

By the conditions gcd(u; 4 , tcs) = 1 and gcd(u; 2 ,tC 4 ) = 1 we can easily see that S is well-formed. 
Therefore, 

Ks = Os (04020304 - Wl - W 2 - W 3 - Wi - 1). 

If Ol, 02 , 03 , 04 ^ 4, then 04020304 — wi — W 2 — W 3 — — 1 >0, and hence Ks is ample. 

By |22l Theorem 39] S' is a rational surface of Picard rank three with four cyclic quotient 

singularities. Therefore, the surface S cannot contain any cylinder. In m D. Hwang and 
J. Keum have constructed another types of singular rational surfaces with ample canonical 
divisors. 

Example 3.1.3. In order to construct smooth surface of general type with Pg = q = 0 for 
a given self-intersection number of the canonical class, Y. Lee, H. Park, J. Park, and D. Shin 
generate rational elliptic surfaces with nef canonical classes and quotient singularities of class T 
and then take their Q-smoothings in |26] . |33j . [34] . Many such surfaces are presented in |27] . 
These rational surfaces meet our conditions not to have any cylinder. 
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Example 3.1.4 ( cf. [30]). Let 

E = C/(Z + rZ) 

2 

be the elliptic curve of period r = Its j-invariant is 0 and it is isomorphic to the Fermat 
cubic curve. It is the unique elliptic curve admitting an automorphism a of order three such 
that cr*{uj) = tuo, where cj is a non-zero regular 1-form on E. Let S be the quotient surface 

E X E/ (diag(—CT, —cr)). 

Then, 6Ks is linearly trivial. Since there is no non-zero regular 1-form on E x E invariant 
by diag(—cj, —cr), we obtain h}{S,Os) = 0 . Therefore, the surface 5 is a rational surface with 
quotient singularities whose canonical class is numerically trivial, i.e., it is a log Enriques surface, 
and hence it cannot contain any cylinder. 

Example 3.1.5. This construction is due to K. Oguiso and D.-Q. Zhang ( m Example 1]). 
The most extremal rational log Enriques surface of type Dig is defined as follows. Let S' be the 
quotient surface 

E X E/(diag(cr,cr2)), 

where the notations are the same as in Example 13.1.41 Note that the automorphism a on E has 
exactly three fixed points Pi, P 2 , P 3 , respectively. They correspond to 0, | -|- |r, and | -|- |r. 
The action by (diag((T, cr^)) on E x E has nine hxed points and these nine fixed points become 
du Val singular points of type A 2 on S'. Let S' be the minimal resolution of S'. It is a K3 surface 
with twenty four smooth rational curves. Six of them come from the six hxed curves, {Pi} x E, 
E X {Pi} on E X E. The others come from the nine singular points of type A 2 . Let a' be 
the automorphism of S' induced by the automorphism diag(iT, 1) on P x E. Our twenty four 
smooth rational curves on S' are fjLinvariant. Among these twenty four curves we can hnd a 
rational tree of type Dig. Let S' ^ S he the contraction of this tree. Then a' acts on S and it 
hxes two points. The quotient surface S/{a') is a rational log Enriques surface. It follows from 
Remark II. 1.31 that any rational log Enriques surface cannot contain a cylinder. 

Rational log Enriques surfaces of ranks 19 and 18 are completely classihed in [32], m , re¬ 
spectively. 

An effective Q-divisor P on a proper normal variety X is called a tiger if it is numerically 
equivalent to —Kx and {X,D) is not log canonical. The tiger was introduced by S. Keel and 
J. Mckernan in their study of log del Pezzo surfaces of Picard rank one ( |18]i. 

Example 3.1.6. M. Miyanishi proposed a conjecture (see M) that for a log del Pezzo surface 
of Picard rank one, its smooth locus has a hnite unramihed covering that contains a cylinder. It 
however turned out that the conjecture is answered in negative. S. Keel and J. Mckernan have 
constructed log del Pezzo surfaces of Picard rank one such that 

• they have no tigers; 

• their smooth loci have trivial algebraic fundamental groups. 

For their construction, see m Eample 21.3.3]. If such a surface S contains a cylinder U, then 
we are able to obtain an effective divisor D such that S\U = Supp(P). Since S' is a log del 
Pezzo surface of Picard rank one, for some positive rational number A the divisor \D is linearly 
equivalent to —Ks- It immediately follows from Remark 11.1.31 that XD is a tiger. This is a 
contradiction. Therefore, the surface S cannot contain any cylinder at all. 

The rational surfaces in Exmple 13.1.61 are overqualified to be free from cylinders. We may give 
away the condition of the algebraic fundamental group since we are not considering cylinders 
in etale covers. On del Pezzo surfaces of Picard rank one with du Val singularities, instead of 
non-existence of tigers, we can apply a finer condition than Remark 11.1.31 that there is a tiger 
that does not contain the support of any effective anticanonical divisor (see [G] Remark 3.8]). 
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Example 3.1.7. Let S' be a del Pezzo surface of degree 1 with one of the following types of 
singularities 

2 D 4 , 2 A 3 + 2 A 1 , 4 A 2 . 

Then its divisor class group is generated by the anticanonical class over M. Therefore, Theo¬ 
rem 11.2.41 implies that S cannot contain any cylinder at all. The smooth loci of these surfaces 
are not simply connected ( 129]). 

Remark 3.1.8. The surfaces in Example 13.1.71 are the only del Pezzo surfaces with du Val 
singularities that have no cylinder. The other del Pezzo surfaces with du Val singularities contain 
cylinders. Indeed, del Pezzo surfaces with one of the types of singularities 2 D 4 , 2 A 3 + 2 A 1 , 4 A 2 are 
the only ones that contain no (—iL 5 )-cylinder and have Picard rank one (see [ 6 |). Furthermore, 
since their divisor class groups are generated by the anticanonical classes over M, they cannot 
contain any cylinder at all. In [6|, all the del Pezzo surfaces with du Val singularities that have 
no anticanonically polarized cylinders are completely classified. Among them, the surfaces of the 
three types of singularities above are the only ones of Picard rank one. For those of higher Picard 
rank without anticanonically polarized cylinders one can always construct cylinders polarized 
by ample Q-divisors. These constructions can be made by manipulating various anticanonically 
polarized cylinders that appear in [6j. 

4. Cylinders in del Pezzo surfaces of big degree 

4.1. Basic cylinders. We here present many examples of cylinders on smooth del Pezzo sur¬ 
faces. These will be building blocks from which we are able to construct cylinders polarized by 
various ample divisors. 

Before we proceed, note that an (n)-curve on a smooth surface is an integral curve isomorphic 
to with self-intersection number n. 

Example 4.1.1. On P^, let Lj, i = 1,... ,r, be lines meeting altogether at a single point. The 
complement of the union of these r lines is an A^-bundle over an (r — l)-punctured affine line. 
Therefore, this is a cylinder in P^. 

Example 4.1.2. Let L and M be a line and a conic on P^ intersecting tangentially at a point. 
Each divisor aL + bM with positive real numbers a and b defines a cylinder isomorphic to an 
A^-bundle over a simply punctured affine line A);. 

Example 4.1.3. Let C be a cuspidal cubic curve on P^ and T be the Zariski tangent line at its 
cuspidal point P. Their complement is a cylinder isomorphic to A^ x A);. To see this, take the 
blow up TTi : Fi ^ P^ at the point P and then take the blow up 712 : S'/ ^ Pi at the intersection 
point of the proper transforms of C and T. Let Ei be the exceptional curve on S 7 contracted 
by TTi and E 2 be the exceptional curve on Sy contracted by 712 . In addition, let C and T be the 
proper transforms of C and T by tti 0712 . Now we contract T, which is a (—l)-curve on Sj. This 
gives us a birational morphism tt : Sj —>■ F 2 . Then 7r(Ei) is the exceptional section of F 2 with 
self-intersection number —2 and 71 (^ 2 ) is a fiber of F 2 . The curve 7r(C) is linearly equivalent 
to 7r(Ei) -|- 377 (^ 2 ) and is a section of F 2 with the self-intersection number 4. The three curves 
7r(Ei), 7r(£'2), and 7r(C') on F 2 meet transversally at a single point, and hence their complement 
is isomorphic to A^ x A^. Since 

p 2 \ (C U T) ^ 57 \ (C U T U El U E2) = F2 \ ( 7 r(C) U 7 r(Ei) U 77(^2)) 

the complement of C and T is a cylinder. 

Example 4.1.4. On P^ x P^, let E be a curve of bidegree (1,0) and Ej, i = 1,..., r, be curves 
of bidegree (0,1). The complement of these curves is isomorphic to an A^-bundle over a (r — 1 )- 
punctured affine line. By blowing up P^ x P^ at the intersection point of E and Ei and then 
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contracting the proper transforms of E and Fi to P^, we may encounter the cylinder described 
in Example 14.1.11 

Example 4.1.5 ( [HI Theorem 3.19]). Let Sd be a smooth del Pezzo surface of degree d ^ 2, 
not isomorphic to P^ x P^. Then it can be obtained by blowing up P^ at (9 — d) points in 
general position. Let a : S'd ^ P^ be such a blow up and let Ei be the exceptional curve, where 

i = 1 , ... ,9 — d. Put Pi = cr{Ei). Suppose that these (9 — d) points Pi,..., Pg-d he on the union 

of a line L and a conic C that intersect tangentially at a single point. Note 

Prf \ (Z U C U Pi U ... U Eg_d) ^ p2 \ (L U C) ^ X A^, 

where L and C are the proper transforms of L and C by a. 

We now suppose that 4^4. There is a conic passing through all the points Pi,... ,Pg-d- 
So we may assume that Pi,..., Pg-d lie on C and that L meets C tangentially at a point other 
than Pi,..., Pg-d- Then, for a real number 0 < e < the M-divisor 

9-d 

(1 + e)C + (1 — 2s)L + e ^ ^ Ei 

i=l 

is effective and numerically equivalent to —Ks^- Therefore, the cylinder 

Srf \ (Z u c u Pi u... u Pg-d) 

is (-PsJ-polar. 

Example 4.1.6. Let C be an irreducible curve of bidegree (1,2) on P^ x P^. There are two 
curves of bidegree (1,0) that intersect C tangentially. Let T be one of them and P be the 
intersection point of C and T. In addition, let L be the curve of bidegree (0,1) passing through 
the point P. Then the open set 

P^ X P^ \ (C U P U T) 

is a cylinder. To see this, let vr : 5*7 ^ P^ x P^ be the blow up at P and P be its exceptional 
curve. Denote the proper transforms of the curves (7, P, and L by C, T, and L, respectively. 
The curves T and Z are disjoint (—l)-curves. Let ip : ^ he the contraction of Z and T. 

Then, ip{E) is a line, ip{C) is a conic, and they meet tangentially. Therefore, the open set above 
is a cylinder since 

P^ X P^ \ (C U P U T) ^ P \ (C U Z U T U P) ^ p2 \ {ip{C) U ip{E)) ^ A^ X A];. 

In particular, for a real number 0 < e < 1, 

(1 — £^C + (1 + £)P P 2 £p = —Ppl^pl, 
and hence the cylinder is (—Ppixpi)-polar. 

Example 4.1.7. Let Ci and C 2 be irreducible curves of bidegree (1,1) on P^ x P^. Suppose 
that these two curves meet tangentially at a single point P. Let Pi and P 2 be the curves of 
bidegrees (1,0) and (0,1), respectively, that pass through the point P. We claim that the open 
set 

P^ X P^ \ (Cl U C 2 U Pi U P 2 ) 

is a cylinder. Let vr : 5*7 —>■ P^ x P^ be the blow up at P and P be its exceptional curve. Denote 
the proper transforms of Cj and Pj by C* and Zj, respectively, z = 1 , 2 . The curves Zi and Z 2 are 
disjoint (—l)-curves. Therefore, we obtain a birational morphism -0 : S '7 —P^ by contracting 
Pi and p 2 . The three curves ip{E), ip{Ci), ip{C 2 ) are lines intersecting at a single point. Since 

P^ xP^\(CiUC 2 UPiUP 2 ) = S 7 \(CiUC 2 uZiUZ 2 UP) ^ F^\{iP{Ci)Uip{C2)Llip{E)) ^ A^ X Ai^, 
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where is a 2-punctured affine line, our claim is confirmed. In particular, the cylinder is 
(—ifipixpO-polar because the divisor 

(1 + £')C*i + (1 ~ 2e:)C*2 + eLi + £L2 

is effective for an arbitrary real number 0 < e < | and nemerically equivalent to —iTpixpi- 

Example 4.1.8. Let C be a cuspidal rational curve in the anticanonical linear system of the 
Hirzebruch surface Fi. Let M be the 0-curve that passes through the cuspidal point P. There 
is a unique 1-curve T that intersects C only at the point P. For an arbitrary real number 
0 < e < 1, the divisor 

{l-£)C+ £M+ 2eT 

defines a (—iLFi)-polar cylinder. To see this, take the blow up : S'y ^ Fi at the point P. Let 
E be the exceptional curve. Denote the proper transforms of the curves C, M, and T on 
by C, M, and T, respectively. The M-divisor (1 — £)C + sM + 2eT -|- (1 -)- £)E is numerically 
equivalent to —Ks^- Let : 57 —x be the contraction of the (—l)-curve M. Then the 
M-divisor (1 — £)ip{C) + 2£^{T) -t- (1 -|- £)'tjj{E) is the divisor in Example 14.1.61 that defines a 
(—iLpixpi)-polar cylinder. 

Example 4.1.9. On the Hirzebruch surface Fi, let M be a 0-curve and let T be a 1-curve. Let 
P be the intersection point of T and M. There is a 3-curve C that is tangent to the curve T at 
the point P. Then for an arbitrary real number 0 < e < 1, the divisor 

{I - £)C + {1 + e)T + sM 

defines a (—iLFj)-polar cylinder. Take the blow up iji : ^7 —)■ Fi at the point P. Let E be 
its exceptional curve. Denote the proper transforms of the curves C, M, and T on Sj by C, 
M, and T, respectively. The M-divisor (1 — £)C -|- (1 -|- e)T -|- eM -|- (1 -|- £)E is numerically 
equivalent to —Ks^- Let ?/> : S '7 —>■ P^ x P^ be the contraction of the (—l)-curve M. Then the 
M-divisor (1 — e)'ijj{C) -|- (1 -|- e)'ip{T) -|- (1 -t- £)ip{E) is numerically equivalent to —iLpixpi. The 
curve V’(C') is an irreducible curve of bidegree ( 1 , 1 ), '^(T’) is of bidegree ( 1 , 0 ), and ijj{E) is of 
bidegree (0,1). Moreover, these three curves meet at a single point. This easily shows that the 
divisor (1 — e)C -|- (1 -|- e)T -|- sM defines a (—iLF^)-polar cylinder. 

Example 4.1.10. Let C be a cuspidal rational curve in the anticanonical linear system of the 
smooth del Pezzo surface Sj of degree 7. There are exactly two 0-curves Mi , M 2 passing through 
the cuspidal point P of C. There is a unique 1-curve T that meets C only at the point P. For 
an arbitrary real number 0 < e < 1, the divisor 

(1 — e)C -|- eMi + eM2 + eT 

defines a (—7L57)-polar cylinder. To see this, take the blow VlP (j) ■. Sq ^ S^ at the point P. Let 
E be the exceptional divisor. The proper transforms of Mi and M 2 are disjoint (—l)-curves 
on Sq. Let ■0 : —)• Fi be the birational morphism obtained by contracting these two curves. 
Then the curve E becomes a 1-curve and the curve T becomes a 0-curve on Fi. They intersect 
at a single point Q. The curve C becomes a 3-curve tangent to ^^{E) at Q. Then Example 14.1.91 
shows that the divisor (1 — £)C + eMi + eM 2 + eT defines a {—Ks-^)-pola,r: cylinder. 

Example 4.1.11. Let Sq be a smooth del Pezzo surface of degree 6. Let C be a cuspidal 
rational curve in the anticanonical linear system and let P be its cuspidal point. There are 
three disjoint (—l)-curves Ei,E 2 ,E 3 on Sq. Each of them meets C at a single smooth point 
of C. Let (/> : Sg —)■ P^ be the birational morphism obtained by contracting Ei, E 2 , E^. Let T' 
be the Zariski tangent line to the cuspidal rational curve <?i(C') at the point 4>{P)- There is a 
unique conic curve Tq such that it is tangent to T' at the point ^(P) and passes through the 
points 4>{Ei), (p{E 2 ), (piE^). Let M' be the line through 4 >{P) 4){Ei). Let T, Tq, and Mi be 
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the proper transforms of T', Tq, and Mi by the birational morphism (j). For an arbitrary real 
number 0 < e < the R-divisor 

(1 — 2e')C* + eT + eTq + sMi + £M 2 + sM^^ 

is numerically equivalent to the anticanonical class on S^. We take the blow up (/> : ^5 —>■ Sg 
at the point P. Let E be the exceptional curve. The proper transforms of Mi, M 2 , and M 3 
are disjoint (—l)-curves on S^. Let ■0 : S's —>■ x be the birational morphism obtained by 
contracting these three curves. Then Example 14.1.71 shows that the R-divisor above defines a 
(—iLs'gj-polar cylinder on Sq. 

Example 4.1.12. Let S 5 be a smooth del Pezzo surface of degree 5. In addition, let H be an 
effective anticanonical divisor on that consists of one 1-curve C and one 0-curve M meeting 
tangentially at a single point P. Then there are four 0-curves Mi, M 2 , M 3 , M 4 , other than M, 
passing through the point P. They intersect each other only at the point P. For an arbitrary 
real number 0 < e < the divisor 

(1 — e)M -I- (1 — 2e)C' -|- eMi -|- eM 2 -I- eM^ eM^ 

defines a (—iF 5 g )-polar cylinder. Indeed, to see this, consider the blow up (p : S 4 ^ at the 
point P, and then contract the proper transforms of Mj’s and M by (/> to R^. 

Example 4.1.13. Let ^5 be a smooth del Pezzo surface of degree 5. Let C be a cuspidal 
rational curve in the anticanonical linear system and let P be its cuspidal point. We have four 
disjoint (—l)-curves Ei ,... ,^4 on S 5 . Each of them intersects C at a single smooth point of 
C. Let (/) : S's —>■ R^ be the birational morphism obtained by contracting Ei,..., E 4 . Let Mq be 
the conic on R^ determined by the points (f){Ei ),..., (p^E^), and (p{P)- For i = 1,2, 3,4, let M^' 
be the line passing through the points (p{Ei) and (p{P)- Let Mi be the proper transform of M'^ 
by the birational morphism (p- These five curves are 0-curves on passing through P. For an 
arbitrary real number 0 < e < the divisor 

(1 — 2 £^C -j- sMq -{- eMi £M ^2 T ^Mh P sM^ 

defines a (—iF^gj-polar cylinder. We consider the blow up i/; : 5*4 —>■ S's at P. The proper 
transforms of Mj by ip are mutually disjoint (—l)-curves. We contract these five (—l)-curves to 
R^. Then C and the exceptional curve of ip become a line and a conic meeting tangentially on 
R^. Therefore, the effective R-divisor above defines a cylinder. 

Example 4.1.14. We here use the same notations S 5 , C, P, Ei,..., E 4 , and : S's —>■ R^ as in 
Example 14.1.131 Let Tq be the Zariski tangent line to the cuspidal rational curve (p{C) at the 
point (p{P)- For ^ = 1 ) 2 ,3,4, there is a unique conic curve T/ such that it is tangent to Tq at 
the point <p{P) and passes through the points (p{Ei),..., ipiE^) except (p{Ei). Let Tq and Tj be 
the proper transforms of Tq and T/ by the birational morphism (p. Then, for an arbitrary real 
number 0 < e < the divisor 

(1 — 3e)(R -|- eTq -|- eTi -|- £T 2 -)- sT^ P sT^ 

defines a (—iF 55 )-polar cylinder. To see this, let (pi : S 4 ^ be the blow up at the point 
P. Then the exceptional curve Bi of (pi intersects the proper transform of C tangentially at a 
single point Q. Let (p 2 ■ S 3 ^ S 4 be the blow up at the point Q and denote its exceptional curve 
by i? 2 - Let C and Tj be the proper transforms of C and Tj by the morphism <pi o <p 2 , where 
f = 0,..., 4. In addition, let Bi be the proper transform of Bi by (p 2 - Then the R-divisor 

(1 — 3 £)C -|- (1 — £)Bi -|- (1 -|- e)i ?2 + ^Tq P eTi P -|- eTj -|- eTj 

is numerically equivalent to the anticanonical class on S 3 . Now, contracting the five disjoint (—1)- 
curves Tq,. .. ,T 4 to the Hirzebruch surface F 2 , we obtain a birational morphism : 53 —)• F 2 . 
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Put C = V'i(C'), Bi = '0i(5i), and B 2 = 'ipi{B 2 ). Then 

(1 — 3e)C* + (1 — e)Bi + (1 + e)i ?2 

is numerically equivalent to —Kf^. Note that Bi is the (—2)-curve on F 2 and C is a 0-curve. 
We take the blow up (/)3 : 5* —>■ F 2 at a general point of C. Let B^ be its exceptional curve. 
In addition, let C, Bi, and B 2 be the proper transforms of C, Bi, and B 2 by (^> 3 . Finally, by 
contracting C and Bi in turn, we obtain a birational morphism 1 P 2 '■ S ^ We immediately 
see that 1 /^ 3 (^ 2 ) is a cuspidal rational curve and 'ips^B^) is the Zariski tangent line to 4 ’ 3 {B 2 ) at 
its cuspidal point. Even though 

(1 -h £)'ijj3{B2) - SeipsiBs) 

is a non-effective divisor on P^, the original divisor on S 3 defines a (—Er 5 g)-polar cylinder since 

55 \ (c u To u... u r4) ^ p 2 \ {ij 3 {B 2 ) u MB3)) 

(see Example 14.1.31) . 

Example 4.1.15. Let ^4 be a smooth del Pezzo surface of degree 4. In addition, let H be 
an effective anticanonical divisor on ^4 that consists of one 1-curve C and one (—l)-curve L 
meeting tangentially at a single point P. 

By contracting L, we see from Example 14.1.141 that there are five 0-curves Ti,... ,T 5 passing 
through the point P such that they intersect each other only at P and meet L and C only at P. 
Example 14.1.141 immediately shows that 

5 

(1 — 3e)C* -|- (1 — e)L -|- e ^ ^ Ti 

i=l 

defines a (—iLs' 4 )-polar cylinder on ^4 for 0 < e < ^. 

4.2. Proof of Theorem 12. 2. 11 Let Sd be a smooth del Pezzo surface of degree d ^ 3 and let 
H be an ample M-divisor on Sd- It is easy to check that Sd always contains an Ll-polar cylinder 
isomorphic to if d ^ 8. For this reason, in order to prove Theorem 12.2.11 we assume that 
d < 7. 

Let /i be the Fujita invariant of H, A be the Fujita face of id, and r be the Fujita rank of H. 
Let 4> : Sd ^ Z he the contraction given by A. 

Lemma 4.2.1 (cf. Example I4.1.5p . Suppose that H is of type B{r) and Z ^ P^ x P^. If 
{d,r) 7 ^ (3,0), then Sd contains an H-polar cylinder. 

Proof. For the case r = 0 and d ^ 4, Theorem 11.2.31 implies the statement. Therefore, we may 
assume that r > 0. 

Let El,... ,Er be the (—l)-curves that generate the face A. Then 

r 

Ksj^ + fiH = '^ OiEi 

i=l 

for some positive real numbers oi,..., a^. Note that r ^ 9 — d and Ei,..., Er are disjoint. 

The surface Z is a smooth del Pezzo surface of degree (d -I- r). Since Z ^ P^ x P^, either 
Z = P^ or Z is a blow up of P^ in (9 — d — r) points in general position. Let i/;: Z —>■ P^ be 
the blow up. Put k = 9 — d and a = if o (f. k > r, denote the proper transforms of these 
'^-exceptional curves on Sd by Er+i ,..., E^. Put Pi = o-{Ei). 

Let C be an irreducible conic in P^ passing through the points P 2 ,..., Pk- Such a conic exists 
because A: ^ 6. Let L be a line in P^ passing through the point Pi and tangent to the conic C. 
Note that L may be tangent to C at one of the points P 2 ,... ,Pk, say P 2 . 

For a positive real number e we have —Kp 2 = (1 -|- £)C -|- (1 — 2e)L. Hence, 
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k 

i=l 


k 

(1 + £)C + (1 — 2£)L — 2£Ei + (1 — £)E2 + £ 'y ^ Ei 

i=3 

if L meets C at P 2 ; 

k 

(1 + £)C + (1 — 2e)L — 2£Ei + e ^ Ei 

i=2 

otherwise, 

\ ’ 


where C and L are the proper transforms of C and L, respectively, by a. Thus, we have 


H = 


— I (1 + £)C + (1 — 2e)Z + (oi — 2£^Ei + (02 + 1 — £)E 2 + ^ + £)Ei + e y ^ Ei 

^ V i=3 i=r+l / 

if L meets C at P 2 ; 

/ ^ L. \ 

1 


— ( (1 + £^C + (1 — 2e)Z + (oi — 2£^Ei + y y cLj + £)Ei + e y ^ Ei 
^ V i=2 i=r+l / 

^ otherwise. 

For 0 < e < ^, this defines an Ff-polar cylinder because 

\ (C U L U Fli U ... U .Ffc) ^ \ (C U L). 


□ 


As in the case where L meets C at P 2 in the proof of Lemma 14.2.11 it can happen that we 
should separately deal with the case where two curves meet at one of the centers of blow ups. 
However, in such a case, we always obtain a bigger coefficient for the exceptional curve over the 
center than when it is not the case. For this reason, in the sequel, we always omit the proof for 
such a special case. The proof for a non-special case works almost verbatim for such a special 
case. 

Lemma 4.2.2. Suppose that H is of type B{8 — d) and Z = P^ x P^. Then Sd eontains an 
H-polar eylinder. 

Proof. Let Ei,..., Er be the (—l)-curves that generate the face A. Note that r = 8 — d. Then 

r 

Ksa + = '^ aiEi 

i=l 

for some positive real numbers ai,... , 0 ^. The (—l)-curves Ei,... ,Er are disjoint. Put Pi = 
ct>{Ei). 

Since r ^ 5, there is an irreducible curve C of bidegree (2,1) in P^ x P^ passing through the 
points Pi,..., P,.. Let P be a curve of bidegree (0,1) in P^ x P^ that is tangent to the curve C. 
Let P be the intersection point of C and L. Then there is a unique curve M of bidegree (1,0) 
in P^ X P^ passing through the point P. 

For a positive real number £ we have — ATpixpi = (1 — £)C -|- (1 -|- e)L -|- 2eM. Hence, 

r r 

~Esd ~ 0*(~Arpixpi) — 'y^ Pj = (1 — £)C -|- (1 -|- e)L -|- 2eM — £ Pj, 

i=l i=l 
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where C, L, and M are the proper transforms of C, L, and M, respectively, by (j). Thus, we 
have 

H = — [ (1 — £)C + (1 + £)L + 2£M + \ (oj — £)Ei 

Furthermore, we see immediately that 

Sd\{CuLuMUEiU...UEr)=r^xF^\{CULUM). 

By taking 0 < e < min{ai,..., a^} we obtain an Ff-polar cylinder on Sd (see Example l4.1.6p . □ 
Lemma 4.2.3. Suppose that H is of type (7(9 — d). Then Sd contains an H-polar cylinder. 
Proof. If the contraction f is a conic bundle, then, as in we may write 

m 

Ks^ + p.H = aB + ^ OiEi 
i=l 

where B is an irreducible fiber of (j), Efs are disjoint (—l)-curves in fibers of </>, a is a positive 
real number, afs are non-negative real numbers, and m = 8 — d. We may assume that ai ^ 
02 ^ ... ^ ttm- Let (fi : Sd ^ W he the birational morphism obtained by contracting the 
disjoint (—l)-curves Ei,..., Em. Thus kF is a smooth del Pezzo surface of degree 8, hence 
either IT = x or kF = Fi. 

Case 1. Om / 0 and kF = Fi. 

There is a (—l)-curve E on Sd whose image by (pi is the unique (—l)-curve on kF. Let 
"0 : kF —>■ P^ be the birational morphism given by contracting (pi{E). Put a = ip o cpi. Denote 
the points (T{Ei) by Pj, i = 1,..., m, the point (t{E) by P, and the line cr{B) by M. Note that 
the line M passes through the point P. 

Let C be the conic passing through the points Pi,..., Pm- Such a conic exists because m ^ 5. 
Let L be a line that passes through the point P and that is tangent to the conic C. We may 
assume that the line L is different from M. 

For any real number £ we have —iFp 2 = (1 — £)C -|- (1 + 2e -|- a)L — aM. Hence, 

m 

-Ks,^a*{-K^2 )-Y,Ei-E 

i=l 

m 

= (1 — £)C -k (1 -k 2e -k a)L -k 2eP — aB — £ Ei, 

i=l 

where C and L are the proper transforms of C and P, respectively, by a. Thus, we have 
H = — [ (1 — £)C -k (1 + 2£' -k a)L -k 2eP -k ^ (fli ~ e)Pj | . 

^ V U ) 

By taking a sufficiently small positive real number e we obtain an P-polar cylinder on Sd. 
Case 2. Either am 7 ^ 0 with kF = P^ x P^ or Om = 0. 

We first assume that kF = P^ x P^. Denote the points (pi{Ei) by Pj, i = 1,... ,m — 1, the 
point (pi{Em) by P, and the curve (pi{B) by M. The curve M is a curve of bidegree (0,1) or 
(1,0) on P^ X P^. We may assume that it is of bidegree (0,1). 

There is a unique curve C of bidegree (1,2) passing through the points P, Pi,..., Pm-i ■ There 
is a curve L of bidegree (1,0) that is tangent to C. Let Q be the point at which L meets C and 
let N be the curve of bidegree (0,1) passing through the point Q. 
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For an arbitrary real number e we have —/Cpixpi = (1 + e)C + (1 — e)L + (a — 2£)N — aM. 
Hence, 

m—1 

-Ksa ~ Ei 

i=l 

m—1 

= (1 + £)C + (1 — e)Z + (a — 2e)iV — aB + sEm + ^ ^ £Ei, 

i=l 

where C, L, and N are the proper transforms of C, L, N, respectively, by cpi. Thus, we have 

H = — ^(1 + £)C + (1 — £)L + (a — 2£)N + (am + £)Em + (o,i + £)Ei, ^ . 

By taking a sufficiently small positive real number e we obtain an H-polar cylinder on Sd (see 
Example I4.1.6P . 

Now we assume that VF = Fi and am = 0. Let E!^ be the other (—l)-curve in the fiber of (j) 
containing the (—l)-curve Em- Let (^>2 : <S'd —>■ x be the birational morphism given by 
contracting the (— l)-curves Ei, ..., Em-i, E'^. Since am = 0, after replacing cjii and Em by (p 2 
and E'^, we see immediately that the previous argument also works for this case. □ 

Theorem 12.2.11 immediately follows from Theorem 11.2.31 and Lemmas 14.2.1114.2.21 and 14.2.31 

5. Absence of cylinders 

5.1. The main obstruction. We here rehne Remark 11.1.31 for a smooth rational surface as 
below. 

Let 5* be a smooth rational surface and let A be a big M-divisor on S. Suppose that S contains 
an A-polar cylinder, i.e., there is an open affine subset U C S and an effective M-divisor D such 
that D = A, U = S \ Supp(Zl), and U = A} x Z for some smooth rational affine curve Z. Put 
D = where each Ci is an irreducible reduced curve and each Oj is a positive real 

number. Let ^ be the Fujita invariant of A. 

As in (jl.l.ip . the natural projection pz ■ U = x Z ^ Z induces a rational map : S P^ 
given by a pencil C on the surface S. If the base locus Bs(T) of the pencil is non-empty, 
then it must consist of a single point because 'ip*{Q) = P^ for a general point Q of P^ and 
Supp('0*((5)) \ Supp(Bs(T)) contains an affine line. 

Theorem 5.1.1. Suppose that the base locus of C consists of a point P on S. Then, for every 
effective W-divisor B on S such that Supp(R) C Supp(Zl) and Kg + B is pseudo-effective, the 
log pair (S,B) is not log canonical at P. In particular, (S,pD) is not log canonical at P. 

Proof. The proof is the same as the explanation for Remark 11.1.31 We may assume that the 
exceptional divisor of vr lies over the point P. Since Supp(R) C Supp(Zl), the divisor B can be 
written as B = Yl'i=i^iCi, where 6j’s are non-negative real numbers. The remaining parts are 
exactly the same as in the explanation for Remark 11.1.31 □ 

Theorem 5.1.2. Let Sd he a smooth del Pezzo surface of degree d ^ 3 and let D be an effective 
K-divisor on Sd such that D = —Ks,^- If the log pair (Sd,D) is not log canonical at a point P, 
then there exists a divisor T in the anticanonical linear system \ — \ such that the log pair 

(Sd,T) is not log canonical at the point P and Supp(T) C Supp(H). 


Proof. See [Sj Theorem 1.12] for an effective Q-divisor. The proof works verbatim for an effective 
M-divisor. □ 
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5.2. Proof of Theorem I2.2.3L Before we prove Theorem 12.2.31 we introduce two easy results 
that we use for the proof. 

Lemma 5.2.1. Let S be a smooth surface and let D be an effective M-divisor on S. If the log 
pair {S,D) is not log canonical at a point P, then multp(T>) > 1. 

Proof. For instance, see [25t Proposition 9.5.13]. □ 

Lemma 5.2.2. Let S be a smooth del Pezzo surface of degree d ^ 3 and let 

n 

-D = ^ Oj A 

i=l 

be an effective M.-divisor on S such that D = —Ks, where Di,... , Dn are irreducible curves and 
ai,... ,an are positive real numbers. Then Oj ^ 1 for each i = 1,...,n. 

Proof. For the case where d = 1, the statement follows from 

n 

I = Kg = '^ QiDi ■ {-Ks) ^ Oj A ■ {-Ks) ^ ai. 

i=l 

For the cases where d = 2 and 3, see [S] Lemmas 3.1 and 4.1], respectively. Their proofs work 
verbatim for an effective M-divisor. □ 

Theorem 12.2.31 immediately follows from the following two statements. 

Theorem 5.2.3. Let S be a smooth del Pezzo surface of degree d ^ 2. Let E be a {—l)-curve on 
S. For a positive real number a the surface S does not contain any {—Ks + aE)-polar cylinder. 

Proof. Suppose that there exists an effective M-divisor D such that D = —Ks + aE and 
S \ Supp(Zl) is isomorphic to x Z for some affine variety Z. 

Let f: S ^ S he the contraction of the curve E. Put D = f{D). Then 5 is a smooth del 
Pezzo surface of degree d -|- 1 ^ 3. Moreover, we have D = —K^. 

If E C Supp(Il), then 

S \ Supp(Il) = S \ Supp(D) = X Z, 

which implies that S\Supp{D) is a (—iL^)-polar cylinder on S. This contradicts Theorem ll.2.31 
Therefore, E (f Supp(il). In particular, D ■ E ^ 0 and a ^ 1. 

Put D = Y17=i aiDi, where Di,..., Dn are irreducible curves and ai,..., are positive real 
numbers. None of the curves Hi,..., Dn are contracted by the morphism / and 

n 

Y,aif{D,) = D = -Kg. 
i=l 

Therefore, we have Oj ^ 1 for each i = 1,..., n by Lemma 15.2.21 Since a ^ 1 too, by the second 
case in Remark 11.1.31 the linear system L associated with the cylinder S \ Supp(H) has a base 
point, say P. Due to Theorem 15.1.11 for every effective M-divisor B on S such that Ks + B 
is pseudo-effective and Supp(H) C Supp(H), the log pair {S,B) is not log canonical at P. In 
particular, {S, D) is not log canonical at the point P. 

The inequality 

1 > 1 — o = {—Ks + aE) ■ E = D ■ E ^ multp(H)multp(£') 

and Lemma 15.2.11 show that P lies outside E. Therefore, {S,D) is not log canonical at f{P). 

Let T be the unique divisor in | — K-g\ that is singular at f{P). Denote by T its proper 
transform on the surface S. Since D = —K^ and {S,D) is not log canonical at the point f{P), 
it follows from Theorem 15.1.21 that (S', T) is not log canonical at f{P) and Supp(r) C Supp(H). 
Hence, Supp(r) C Supp(H). 
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For every non-negative real number /r, put = (1 -|- fi)D — fiT and = (1 -|- ^)D — fiT. 
Since —-?% • T = ^ 3, the divisor T consists of at most 3 irreducible components. Therefore, 

D because the divisor D has at least 8 components by (ll.l.2p . Put 

is effective I. 

Then Supp(r) ^ Supp(Dj^) and Supp(r) ^ Supp(T>i/). In particular, we have u > 0 since 
Supp(r) C Supp(T>). 

We have = D = T = —K^ for each real number /x. This implies that 

= —Ks + afj,E 

for some real number Note that is either linear or constant in /x. 

Suppose that Ui, ^ 0. Then Ks + is pseudo-effective. Therefore, the log pair {S,D^) is 
not log canonical at the point P by Theorem 15.1.11 Then (S,Dy) is not log canonical at f{P)- 
The latter contradicts Theorem 15. 1.21 because Supp(r) ^ Supp(T)i/) by the choice of u. 

Suppose that au < 0. Since ao = a > 0, there exists a positive real number A € (0, u) such 
that a\ = 0. It follows from \ < v that Supp(T) C Supp(iAA) and Supp(iAA) = Supp(iA). 
Therefore, 

S \ Supp(Z)a) = S\ Supp(Z)) xZ 

is a cylinder. However, this contradicts Theorem 11.2.31 because a\ = 0, i.e., Dx = —Ks- □ 

Theorem 5.2.4. Let S be a smooth del Pezzo surface of degree 1. Let E and F be two disjoint 
(—1)-curves on S. The surface S contains no {—Ks -|- aE + bF)-polar cylinder for any positive 
real numbers a and b. 

Proof. Suppose that there exists an effective M-divisor D such that D = —Ks + aE + bF and 
such that S \ Supp(Z)) is isomorphic to x Z for some affine variety Z. In the following we 
seek for a contradiction. 

Let g: S' —> S' be the contraction of the curve E. Put D = g{D) and F = g{F). Then S is a 
smooth del Pezzo surface of degree 2, T is a (—l)-curve, and D = —K^ + bF. This implies that 
E Supp(iA). Indeed, if S C Supp{D), then 

S \ Supp(.D) ^ S \ Supp(Z)) ^A^xZ 

is a i)-polar cylinder on S. This is impossible by Theorem 15.2.31 Similarly, we see that F (f 
Supp(D). Therefore, D-E^O, D-F^O and a ^ 1, 6 ^ 1. 

Write D = where Di,..., are irreducible curves and ai,..., are positive 

real numbers. 

Let /: S ^ S be the contraction of the curves E and F. Put D = f{D). Then S is a smooth 
cubic surface and D = —K-g. None of the curves Di,..., Dn are contracted by the morphism / 
and 

n 

Y,aif{D,) = D = -Ks. 

i=l 

Therefore, we have Oj ^ 1 for each i = 1,..., n by Lemma 15.2.21 Because a,b ^ 1, the second 
case in Bemark II. 1.31 implies that the linear system £ associated with the cylinder S\ Supp(iA) 
has a base point, say P. By Theorem l5. 1.11 for every effective M-divisor B on S such that Ks + B 
is pseudo-effective and Supp(B) C Supp(D), the log pair {S,B) is not log canonical at P . In 
particular, (S', D) is not log canonical at the point P. 

We claim that P belongs to neither E nor P. Indeed, if P € P, then 

1 > 1 — a = {—Ks + aE) ■ E = D ■ E ^ multp(P) > 1 


u = supl p. € M^o 
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by Lemma [5.2. 11 This shows that P ^ E. Similarly, we see that P ^ F. Therefore, the birational 
morphism / is an isomorphism in a neighborhood of the point P. In particular, the log pair 
{S,D) is not log canonical at f{P). 

Let T be the unique divisor in | — K-g\ that is singular at f{P). Denote by T its proper 
transform on the surface S. Since D = —K^ and {S,D) is not log canonical at the point f{P), 
it follows from Theorem 15. 1.21 that {S,T) is not log canonical at f{P) and Supp(r) C Supp(D). 
Hence, Supp(T) C Supp(D). 

For every non-negative real number [i, put = (1 -|- fi)D — fiT and = (1 -|- fj,)D — fiT. 
Since —K-^-T = = 3, the divisor T consists of at most 3 irreducible components. Therefore, 

D because the divisor D has at least 9 components by (jl.l.2p . Put 


u = sup 



is effective 


}■ 


Then Supp(r) ^ Supp(L>j,) and Supp(r) ^ Supp(Di,). In particular, we have p > 0 since 
Supp(T) C Supp(D). 

We have = D = T = —K-g for each real number //. This implies that 


Dfi — —Ks + CLfj^E + b^F 


for some real numbers and b^. From —Ks + E + F = f*{D^) = (1 + ^)f*{D) — and 

ao = a, bo = b we obtain 

J = (multj(^)(r) - multf(^E){D)) n + a 
I 6 ^ = (mult/(i7’)(r) - mult/(F)(D)) n + b. 

Suppose that Uu ^ 0 and bu ^ 0. Then Ks + is pseudo-effective, and hence the log pair 
{S, Dy) is not log canonical at the point P by Theorem l5.1.1[ Then (5, Dy) is not log canonical 
at f{P). Since Supp(T) ^ Supp{Dy), this contradicts Theorem 15.1.21 

Suppose that either < 0 oi by < 0. Since oq = o > 0 and bo = b > 0, there is a real 
number A € (0, i^) such that either a\ = 0, bx ^ 0 or ax ^ 0, bx = 0. Without loss of generality 
we may assume that ax = 0. Since X < v, Supp(r) C Supp(iAA) = Supp(iA). Therefore, 
S \ Supp(iA;,) = S \ Supp(iA) is a cylinder. However, this contradicts either Theorem 11.2.31 or 
Theorem 15.2.31 since 

Dx = -Ks + bxF. 


□ 


6. Cylinders in del Pezzo surfaces of small degrees 

6.1. Del Pezzo surface of degree 2 without a cuspidal anticanonical divisor. A smooth 
quartic plane curve can have at most twenty four inflection points. There may be two kinds of 
inflection points on a smooth quartic curve. One is a point at which its tangent line intersects the 
quartic with multiplicity 3, and the other with multiplicity 4. The former is called an ordinary 
inflection point and the latter a hyperinflection point. These inflection points can be spotted 
with the Hessian curve of the given quartic curve. The Hessian curve intersects the quartic curve 
transversally at ordinary inflection points and meets the quartic curve at hyperinflection points 
with multiplicity 2. Since the degree of the Hessian curve is 6, we have 

the number of ordinary inflection points + 2 x the number of hyperinflection points = 24. 

Therefore, a smooth quartic plane curve has exactly twelve hyperinflection points if it contains 
no ordinary inflection point. 

A smooth del Pezzo surface of degree 2 is a double cover of ramified along a smooth plane 
quartic curve. An effective anticanonical divisor on a smooth del Pezzo surface of degree 2 is 
given by the pull-back of a line on P^ via the double covering map. An effective anticanonical 
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divisor that is a cuspidal rational curve is given exactly by the pull-back of the tangent line at 
an ordinary inflection point. The pull-back of the tangent line at a hyperinflection point is an 
effective anticanonical divisor that is a tacnodal curve, i.e., two (—l)-curves intersecting at a 
single point tangentially. Consequently, a smooth del Pezzo surface of degree 2 contains twelve 
effective anticanonical divisors that are tacnodal curves if its anticanonical linear system contains 
no cuspidal rational curve. Each of the twelve tacnodal curves consists of two distinct (—1)- 
curves intersecting at a single point tangentially. These twenty four (—l)-curves are distinct. 

In fact, there are exactly two quartic plane curves without any ordinary inflection point 
( i, m)- One is the Fermat quartic, i.e., the curve defined by 

x^ + y'^ + z'^ = 0 , 


and the other is the curve defined by 

4i 4i 4to/^22i 22i 22\ _ 

X + y z + 3{x y + y z + z x ) = 0. 

As explained above, these have exactly twelve hyperinflection points. The del Pezzo surfaces 
of degree 2 corresponding these two quartic curves are the only del Pezzo surfaces of degree 2 
whose anticanonical linear systems contain no cuspidal rational curves. 

6.2. Cylinders in del Pezzo snrfaces of degree 2. In order to prove Theorem 12.2.41 let S 
be a smooth del Pezzo surface of degree 2 and let H be an ample R-divisor on S. Let n and r be 
the Fujita invariant and the Fujita rank of H. Denote by A the Fujita face of H. Let (f) : S ^ Z 
be the contraction given by A. 

We first consider ample R-divisors of type B[r). Let Fi,..., be the r disjoint (—l)-curves 
that generate the face A. We may then write 

r 

( 6 . 2 . 1 ) Ks -b yH = ajEj 

i=l 

for some positive real numbers oi,..., (see (|2.1.31) 1. 

Theorem 6.2.2. If the ample R-dimsor H is of type B{r) with 3 ^ r ^ 7, then S contains an 
H-polar cylinder. 

Proof. The proof is divided into two cases. One is the case when S has a cuspidal rational curve 
in I — Ks\, and the other is the case when it does not. 

Case 1. The surface S has no cuspidal rational curve in | — Ks\. 

In this case, as mentioned in the previous subsection, S has exactly twelve pairs of (—l)-curves 
{Ci, C'}, i = 1 ,..., 12 such that each Ci + C[ is a tacnodal anticanonical divisor. 

Choose one tacnodal anticanonical divisor, say Ci -|- C(. Since we have more than seven 
tacnodal anticanonical divisors, we may assume that 

• none of Fj are Ci or CJ; 

• if r = 6 , then neither (^(Ci) nor is a (—l)-curve. 

Let m be the number of the curves Efs intersecting Ci and m! be the number of the curves 
Fj’s intersecting Cj. We may assume that Fi,..., Em intersect Ci and that F^+i ,... ,Er meet 
C[. Furthermore, we may assume that m ^ m'. Note that m -\- m' = r . Furthermore, by the 
assumption above, 2 ^ m ^ 5. Let Ci and C'l be the images Ci and C[ by (/>, respectively. 
The curve C'l is an {m — l)-curve on the del Pezzo surface Z. Since m ^ 2, the complete linear 
system ICil induces a birational morphism oi Z into P”*. Furthermore, its image is isomorphic 
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to 

' for m = 2 ; 

pi X pi ^ a smooth quadratic surface C P^ for m = 3; 

< 

Pi = a smooth rational normal scroll of degree 3 in P^ for m = 4; 

P^ = a Veronese surface in P^ for m = 5. 

Put a = if) o (j). 

For m = 2 and 5, we have (7 — r) disjoint (—l)-curves on Z that are contracted by ip. These 
curves do not intersect Ci but they meet C'^ since Ci + Ci is an anticanonical divisor of Z. Let 
Fi ,..., be the pull-backs of these (7 — r) disjoint (—l)-curves by cp. Then the curve Ci 
intersects exactly m curves Fi,... Em and the curve C'^ meets the other m' curves F^+i,... F^ 
and all the (7 — r) curves Fi,..., Fy-^. 

For m = 2, cr{Ci) is a line and is a conic in P^. For m = 5, o'(C'i) is a conic and 

is a line in P^. They intersect tangentially at a single point. Therefore, 

m r 7—r 

—Ks = (1 — ae)C*i - 1 - (1 -|- 5e)C*i — a£ ^ ^ F* -|- be ^ ^ Fj -t- be ^ ^ Fi, 

i=l i=m+l i=l 

and hence 

m r 7—r 

= (1 — ae)Ci -|- (1 -|- be)Ci -|- ^ — ae)Ei -|- ^ ^ (a* -|- be)Ei be ^ ^ Fj, 

i=l i=m+l i=l 

where a = 2, 6 =lifm = 2 and a = l ,6 = 2ifm = 5. For a sufficiently small positive real 
number e, H yields a cylinder because 

S \ (Cl U Cl U Fi U ... U F^ U Fi U ... U Fy-r) = P^ \ (ct(Ci) U a{C[)). 

For m = 3 and 4, we have (6 — r) disjoint (—l)-curves on Z that are contracted by ip. These 
curves do not intersect Ci but they meet C'l since Ci + C'l is an anticanonical divisor of Z. 
Again we let Fi,... jFg-r be the pull-backs of these (6 — r) disjoint (—l)-curves by (p. Then 
the curve Ci intersects exactly m curves Fi,... Em and the curve Cj meets the other m' curves 
Em+i,... Er and all the (6 — r) curves Fi,..., Fg-^. 

For m = 3, cr{Ci) is an irreducible curve of bidegree (1,1) in P^ x P^ since its self-intersection 
number is 2 . The irreducible curve o'(Cj) is also of bidegree (1,1) because cr(Ci) -|- cr(C{) is an 
anticanonical divisor of P^ x P^. They intersect tangentially at a single point Q. Let Fi and L 2 
be the curves of bidegrees (1,0) and (0,1), respectively, passing through Q. Then, 

3 r 6—r 

—Kg = (1 — 2e)Ci -|- (1 -|- e)C[ e{Li L 2 ) — 2e ^ ^ Ei e 'y ^ Ei -\- e y ^ Ei, 

i=l i=4 i=l 

where Fi and F 2 are the proper transforms of Fi and F 2 by a, respectively. Therefore 

3 r 6—r 

= (1 — 2 e)Ci -|- (1 -|- e)C'^ -\- eiJLi -\- F 2 ) -k ^^(®i “ ‘2^F)Ei -|- y ^ (g^ -|- e)Ei -t- e y ^ Fj. 

i=l i=4 i=l 

For a sufficiently small positive real number e, we obtain an F-polar cylinder because 
F \ (Cl U U Fi U F 2 U Fi U ... U F^ U Fi U ... U Fg.,.) ^ P^ x P^ \ (a(Ci) U a{C[) U Fi U F 2 ) 
(see Example I4.1.7P . 

For m = 4, (t(C'i) is a 3-curve in Fi. The irreducible curve is a 1-curve intersecting 

it(C'i) at a single point Q tangentially. Let M be the 0-curve passing through the point Q. 
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Example 14.1.91 shows that 

4 r 6—r 

—Kg = (1 — £')c*i + (1 + £)c '^+em — £ 'y ^ Ei -\- E y ^ Ei -\- £ y ^ Ei 

i=l i=5 i=l 

and 

4 r 6—r 

fiH = (1 — £)C*i + (1 + -|- eM + y — £)Ei + “1“ ^')Ei + £ ^ ^ Ej, 

i=l i=5 i=l 

where M is the proper transform of M. We see also from Example 14.1.91 that H defines a 
cylinder with a sufficiently small positive real number e. 

Case 2. The surface S possesses a cuspidal rational curve C in | — Ks\- 

Let P be the point at which the curve C has the cusp. Each Ei intersects the curve C at a 
single smooth point. This cuspidal curve C plays a key role in constructing Lf-polar cylinders 
case by case, according to r. 


Subcase 1. r = 3. 


In this subcase, the surface S has five 0-curves Ei,..., E 5 such that 

• they pass through E; 

• they do not meet each other outside E; 

• they are disjoint from the curves Ei, E 2 and E 3 . 

(For the better understanding of this construction, see Example 14.1.131 after contracting the 
(—l)-curves Ei, E 2 , E 3 to a smooth del Pezzo surface of degree 5.) 

Let vr ; S —)• S' be the blow up at the point E and let E be the exceptional curve of vr. Then S 
is a weak del Pezzo surface of degree 1 and it has exactly one (—2)-curve, the proper transform 
C of C. Denote the proper transforms on S of the curves Ei, E 2 , E 3 , Ei,..., E 5 by Ei, E 2 , E 3 , 
El,..., E 5 . Since these (—l)-curves are disjoint, they give us a contraction ip : S ^ 

Since i/>(E) is a conic and ipiC) is a line on P^, we immediately see that 

5 

~Kg = (1 — 2e)(5 -|- (1 -|- £)E -|- £ y ^ Ej — 2e(Ei -|- E 2 -|- E 3 ), 

i=l 


and hence 


Therefore, 


5 

—Ks = (1 — 2e)C' -|- £ 'y^ Ei — 2e(Ei -|- E 2 -I- E 3 ). 

i=l 


5 

fiH = (1 — 2e)E -|- £ y ^ Ej -|- (ai — 2£')Ei -|- (02 — 2e)E2 -|- (03 — 2e)E3. 

i=l 


For a sufficiently small positive real number e, this is an E-polar cylinder because 
S \ (C U El U E2 U E3 U E4 U Es U El U E2 U E3) ^ p2 \ (i/;(E) U 'ipiC)). 
Note that the conic 'ipiE) and the line ip{C) meet tangentially. 


Subcase 2. r = 4. 

In this subcase, the surface S has three 0-curves Ei,E 2 ,E 3 such that 

• they pass through E; 

• they do not intersect each other outside E; 

• they are disjoint from the curves Ei, E 2 , E 3 , E 4 . 
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In addition, it has two 1-curves Gi,G 2 such that 

• they intersect C only at P; 

• they do not meet each other outside P; 

• they are disjoint from the curves Ei, E 2 , P' 3 , P 4 . 

(See Example 14.1.111 after contracting the (—l)-curves Pi, P 2 , P 3 , P 4 to a smooth del Pezzo 
surface of degree 6 .) 

Let IT : S ^ S he the blow up at the point P and let P be the exceptional curve of vr. Then S 
is a weak del Pezzo surface of degree 1 and it has exactly one (—2)-curve, the proper transform 
C of C. Denote the proper transforms on S of the curves Pi,... ,P 4 , Pi, P 2 , P 3 , Gi, G 2 by 
Pi,... ,E 4 ^, Pi, P 2 , P 3 , Gi, G2- Contracting the seven (—l)-curves Pi,... ,p 4 . Pi, P 2 , P 3 , we 
obtain a birational morphism : S —)■ x P^. Since ipiE) and '4>{C) are curves of bidegree 
(1,1) on P^ X P^ and V'(Gi), 'ip{G2) are curves of bidegrees (1,0) and (0,1), respectively, on 
pi X pi, 

4 

~Kg = (1 — 2 e )(5 + (1 + e)P + e(Pi + P2 T P3) + ^{Gi -\- G2) ~ 2e ^ ^ Pj, 

i=l 

and hence 

4 

-Ks = (1 - 2e)C + £{Pi +P2 + P3) + £{Gi + G2) - 2 e X] 

i=\ 

Therefore, 

4 

/rP = (1 — 2e)G -|- £(Pi -|- P 2 + P 3 ) + £{G\ -\- G 2 ) + ^ ^ (oj ~ 2 e:)Pj. 

i=l 

For a sufficiently small positive real number e, this defines an P-polar cylinder because 

5\(CUPiUP2UP3UGiUG2UPiUP2UP3UP4) ^p^ xpi\(V’(P)uV'(G)uV^(Gi)uV’(G 2 )). 

Note that the curves V'(P) and V’(C') meet tangentially at one point and the curves V'(Gi), V'(G 2 ) 
pass through this point (see Example I4.1.7P . 


Subcase 3. r = 5. 


There are two 0-curves Pi, P 2 such that 

• they pass through P; 

• they do not intersect each other outside P; 

• they are disjoint from the curves Pi,..., P 5 . 

In addition, there is a unique 1-curve T that meets G only at the point P and that does not 
intersect any of Pj’s (see Example 14. l.lOp . 

By contracting the (—l)-curves Ei,..., E^, we immediately see from Example 14.1.101 that 

5 

—Kg = (1 — £)G -)- £pi -|- ep 2 “b £T — £ 'y ^ Pj, 

i=l 


and hence 


5 


/iP = (1 — e)G -|- ePi -|- ep2 -b £T -b y ^ (oi — £)Ei. 

i=l 

Example 14.1.101 shows that for a sufficiently small positive real number e, this defines an P-polar 
cylinder. 


Subcase 4. r = 6 and Z = pi x pi. 
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There are exactly two 0-curves Fi,F2 passing through the point P and not intersecting any 
of EiS. (By contracting Ei,... ,Eq into the surface x we can easily detect such 0-curves.) 

Let vr : 5 —)■ (S' be the blow up at the point P and let E be the exceptional curve of tt. Then S 
is a weak del Pezzo surface of degree 1 and it has exactly one (—2)-curve, the proper transform C 
of C. Denote the proper transforms on S of the curves Ei,..., Eq, Ei, F2 hy Ei,..., Eq, Ei, E2. 
Contracting the (— l)-curves Pi, ..., Eq, Fi, F2, we obtain a birational morphism ijj : S ^ P^. 
Note that ip{C) and ^p{E) are a conic and a line meeting tangentially on P^. Therefore, 

6 

-Ks = (1 - e)C + 2e(Pi + P 2 ) - e ^ Ei, 

i=l 


and hence 


6 


= (1 — £)C 2e(Pi -|- E 2 ) -|- 'y — £)Ei. 

i=l 

For a sufficiently small positive real number e, this defines an P-polar cylinder since 

s \ (C u Pi u P2 u Pi u... u Pe) = \ (V'(C) u V'(P)). 


Subcase 5. r = 6 and Z = Fi. 


There is a unique 0-curve L passing through the point P and not meeting any of Pj’s. In 
addition, there is a unique 1-curve T that intersects C only at the point P and that does not 
intersect any of Pi’s. (By contracting Pi ,... ,Eq into the Hirzebruch surface Fi, we can easily 
detect such curves.) 

Example 14.1.81 shows that 

6 

—Ks = (1 — £)C + eL + 2er — e ^ Ei, 

i=l 


and hence 


6 


fiH = (1 — £)C + sL + 2eT -|- ^(fli — e)Pi. 

i=l 

It also shows that for a sufficiently small positive real number e, this defines an P-polar cylinder 
since 


5 \ (C U L U T U Pi U ... U Pe) = Fi \ U (j){L) U 0(T)). 


Subcase 6. r = 7. 

By contracting Pi,..., P 7 we obtain a birational morphism n of S onto the projective plane 
P^. The curve vr(C') is a cuspidal cubic curve passing through all the points 7r(Pi)’s. Let T be 
the Zariski tangent line to the curve 7r(C') at its cuspidal point. We immediately see that 

7 7 

-Ks = (1 - £)7r*(7r(C)) + 3671* (T) - ^ P* = (1 - £)C + SeT - e ^ Ei, 

i=l i=l 

where T is the proper transform of T by tt, and hence 

7 

fiH = (1 — £)C + SeT -|- ^^{cii — £)Ei. 

i=l 

For a sufficiently small positive real number e, this defines an P-polar cylinder since 

5 \ (C U T U Pi U ... U P 7 ) = P^ \ {tt{C) U T) 


(see Example I4.1.3P . 


□ 
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For the following theorem we assume that ai ^ ^ Or in (j6.2.1|) . 

Theorem 6.2.3. Suppose that H is of type B(2). If one of the following conditions holds 
• 202 > 1 ; 

• 2ai + 02 > 2, 

then S contains an H-polar cylinder. 


Proof. There are five (—l)-curves E 3 ,...,Ei on S such that they, together with Ei and E 2 , 
define a birational morphism o : S — )• P^. Denote the point a{Ei) by Pi for i = 1,... ,7. Let Ci 
be the conic that passes through the points P^, ... ,Pj. 

Suppose that the inequality 2 o 2 > 1 is satisfied. 

There is a conic C 2 passing through the points Pi, P 2 and meeting the conic Ci only at a 
single point. Let T be the tangent line to both the conics Ci and C 2 at the intersection point 
of Cl and C 2 . For any real number e we have —Kf 2 = (l + e)Ci + — 2e) C 2 + 2eT. Hence, 


7 

-Ks ~Q <T* {-Kfi) - Pj 
i=l 

T 


— (1 e) Cl — 2e j C 2 + 2eT — ( — + 2e j (Pi + P 2 ) + £ Ei, 


i=3 


where Ci, C 2 , T are the proper transforms of Ci, C 2 , and T, respectively. Thus, we have 


1 


S' 


H — — < (1 + e) Pi + I — — 2e' ] C 2 + 2er + 


1 


+ f ~ 2e I Pi + I 02 — — — 2e I P 2 + e ^ ^ Ei. 


i=3 


Since oi — ^ ^ 02 — ^ > 0, for a sufficiently small positive real number s this defines an P-polar 
cylinder on S. 

Suppose that the inequality 2ai + 02 > 2 is satisfied. 

Let L be a line passing through the point P 2 and tangent to the conic Pi. Let P 3 be the conic 
that intersects Pi only at the point where Pi and L meet and that passes through Pi. For any 
real numbers j3 and e we have 


—Pp 2 = (1 + 2e)Pi + (/3 — £)p 3 + (1 — 2/3 — 2£)L. 


Hence, 

7 

— Ks ~Q (7* ( —Pp 2 ) — ^ Ei 


2 = 1 


= (1 + 2 s) Cl {/3 — s) P 3 + (1 — 2/3 — 2£') L + (/3 — e — 1) Pi — 2 (/? + e) P2 + 2e ^ ^ Pj, 


i=3 


where P 3 , L are the proper transforms of P 3 , L, respectively. Thus, we have 

H = — 1(1 + 2e') Pi + (/3 — £■) P 3 + (1 — 2/3 — 2e:) L+ 

// I 

+ (ri 3~ /3 — £ — 1) El + (02 — 2/3 — 2s) P 2 + 2s 'y ^ Pj > . 

i=3 ) 

By putting /3 = |e +1 — oi with a sufficiently small positive real number s, we are able to obtain 
an P-polar cylinder on S. □ 
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From now on, we suppose that the ample M-divisor H is of type C{7) with length i. Then 
the morphism ip : S ^ Z is a conic bundle, i.e., Z = F^. We may write 

l 

Ks + iiH = aB + '^ ttiEi 

i=l 

where a and ai are positive real numbers, B is an irreducible fiber of cp, and EiS are disjoint 
(—l)-curves in fibers of cp- There exist (6 — i) disjoint (—l)-curves Ei,..., Eq-£ such that they 
are in fibers of cp and they generate the face A together with B and EiS. Let <pi S he the 

birational morphism obtained by contracting the disjoint (—l)-curves -Ei,..., E^, Ei,..., Eq_£. 
Let E' be the (—l)-curve such that Ej + E'^ is a fiber of (p. 

Lemma 6.2.4. Suppose that the surface S has no cuspidal rational curve in \ — Ks\- If the 
ample F-divisor H is of type C{7) with length 3 ^ ^ 6, then S contains an H-polar cylinder. 

Proof. The surface S has exactly twelve pairs of (—l)-curves {Cj, C'}, z = 1,..., 12 such that 
each Ci + is a tacnodal anticanonical divisor. Choose one tacnodal anticanonical divisor, say 
Cl + C'l. Since we have more than ten tacnodal anticanonical divisors, we may assume that 

• none of Eii,..., Ei^ are Ci or C [; 

• none of Ci, .Ej ..., Eq-£, Eq_£ are Ci or Cj; 

• neither (pi{Ci) nor (pi{C[) is a (—l)-curve on W. 

Each of Ei and Ej intersects exclusively either Ci or Cj once. Note that if Ei intersects Ci, 
then E'- meets Cj and if Ei intersects Cj, then El meets Ci. Let mi (resp. mj) be the number 
of Ei with Ei ■ Cl = 1 (resp. E, • Cj = 1) and let mo (resp. mg) be the number of Ej with 
Ej • Cl = 1 (resp. Ej • Cj = 1). Put m = mo + mi and m' = mg + mj. We may assume that 

• m ^ m'; 

• if m = m', then mi ^ mj; 

• El,..., Emi intersect Ci and Emi+i, ■ ■ ■, E£ intersect Cj; 

• El,..., Erno intersect Ci and Emo+i, ■ ■ ■ ■, E^-i intersect Cj. 

Since m+m' = 6 and neither (pi{Ci) nor (pi{C[) is a (—l)-curve on W, we have three possibilities, 
(5,1), (4,2), (3,3) for (m,m'). 

Suppose that (m, m') = (5,1) and VF = x P^. Then (pi{Ci) is a 4-curve. We may assume 
that this is an irreducible curve of bidegree (1, 2). Then (pi{C[) is a curve of bidegree (1,0). The 
curves i^i(Ci) and (pi{C[) meets tangentially at a single point Q. Let L be the curve of bidegree 
(0,1) passing through Q. Note that (pi{B) is a curve of bidegree (0,1) since B ■ Ci = B ■ C[ = 1. 
We immediately see from Example 14 .1.6 1 that for an arbitrary real number e 

nil niQ I &—£ 

(6.2.5) —iLs'+ai? = (1—e)Ci-|-(l+e)Ci + (a+2£')E—eEij —e.Ej+ ^ j eE'j+ ^ j £^Ei, 

i=l i=l i=mi+l i=mQ-\-l 

where L is the proper transform of Lhy <pi. In a similar way, we obtain 

nil niQ £ ()—£ 

(6.2.6) -Kg-haB = (\-\-£)Ci-\-(\ —e)Ci + (a—2e)E+^^eE'j+^^e.Ej— ^ j sEi— ^ j sEi. 

i=l i=l i=mi+l i=nfiQ+l 

Example 14 .1.6 1 also shows that the complements of the supports of the right hand sides of (j6.2.5|] 
and (I6.2.6P are cylinders for a sufficiently small positive real number e. 

Suppose that (m,m') = (4,2). Then ipi{Ci) is a 3-curve, and hence W = Pi. There is a 
unique 0-curve M on S such that <pi{M) is the 0-curve passing through the intersection point 
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of and From Example 14 .1.9 1 we obtain 

mi mo £ 6—£ 

(6.2.7) —Ks-\-aB = (\ —£')C*i + (l+e)(i7( + (a+e)A7—eE/i —e:Ei+ ^ ^ eE/i+ ^ ^ eEj 

i=l i=l i=mi+l i=mo+l 

for an arbitrary real number e. We can also obtain 

mi mo £ 6—£ 

(6.2.8) —Ks-\-aB = (l+e)C'i + (l—e)C*( + (a—e)ilE+^^eEj— ^ ^ ^ ^ sEi. 

i=l i=l i=mi+l i=mo+l 

With a sufficiently small positive real number e, these two divisors on the right hand sides define 
cylinders (see Example 14.1.911 . 

Suppose that (m, m') = (3, 3). Then (/!)i(C'i) and 4)i{C'i) are 2-curves, and hence W = x P^. 
Moreover, 0i(Ci) and (^i(C'() are irreducible curves of bidegree (1,1) intersecting tangentially at 
a single point Q. Let Li and L 2 be the curves of bidegrees (1,0) and (0,1), respectively, passing 
through Q. The curve <^i(i?) is a curve of bidegree (1,0) or (0,1). Without loss of generality, 
we may assume that (pi{B) is a curve of bidegree (1,0). Then for an arbitrary real number e 

(6.2.9) 

mi mo £ 6—£ 

—Ks-\-aB = (1—2e)C'i + (lT£)C'( + (a+£)LiTgZ2 — ^ ^ 2gE/i—2gEiT ^ ^ ^ ^ sEi, 

i=l i=l i=mi-|-l i=mo+l 

where Li and L 2 are the proper transforms of Li and L 2 by (pi. In particular, the complement 
of the support of the divisor on the right hand side is a cylinder for a sufficiently small positive 
real number e (see Example 14. 1.7p . 

Now we construct E7-polar cylinders case by case, according to the length L 

Case 1. .^ = 6 and VF = P^ x P^. 

If m = 5, then we use (|6.2.5p to obtain 

5 

nH = (1 — e)C*i + (1 -|- EpC'i -|- (a + 2e)L + (ag + s)E(i ^ ^ (ai — £)Ei. 

i=l 

If m = 3 , then we apply (|6.2.9p to yield 

3 6 

jiH = (1 — 2e)C*i -|- (1 -|- £)Ci -|- (a. -|- £)Li + £L2 + — ‘2£')Ei -|- ^^(®i T £']Ei. 

i=\ 2=4 

These show that S has an E7-polar cylinder. 

Case 2. £ = 6 and VF = F^. 

Suppose that m = 5. Then (^i(C'i) is a 4-curve and (pi{C[) is a 0-curve. They meet tangentially 
at a single point. There is a (—l)-curve E on S such that (pi{E) is the negative section of IF = F^. 
The curve (f>i{B) is equivalent to (pi{C[). Therefore, 

5 

—Ks + aB = (1 — £)Ci -|- (1 -|- a -|- 2e)C'( -|- 2eE -|- (a -|- 2e)Eg — e Ei, 

2=1 


5 

= (1 — e)Ci -|- (1 -|- a -|- 2e)C( -|- 2£E -\- (ag -\- a -\- 2e)E/g -|- 'y ^^ {cij — £)Ei. 

i=l 


and 
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Suppose that m = 4. Then we apply (j6.2.7p to obtain 

4 6 

[iH = (1 — e)Ci + (1 + £')C*j + (a + + 'y — s')Ei + ^ + £)Ei. 

2=1 2=4 

The divisors on the right hand sides produce 77-polar cylinders on S. 

From now, we consider the cases where £< 6. By contracting E'^ instead of Ei, if necessary, 
we may always assume that W = x P^. 

Case 3. £ = 5. 

If (mi, mo) = (5,0), we apply (I6.2.5P to yield 

5 

= (1 — 6)Ci + (1 + e)Ci + (a + 2e)T + eEi + y — £)Ei. 

2=1 

If (mi, mo) = (4,1), then we use ()6.2.6p to obtain 

4 

fUiH = (I + e)Ci + (1 — £^)C*i + (o — 2e)T + sEi + (05 — £)E^ + y ^ (g^ + £')Ei. 

2=1 

If (mi,mo) = (3,0), then (I6.2.9P shows 

3 5 

fj,H = (1 — 2e')C*i + (I + £)Ci + (a + e)Ti + £L2 + eEi + y ^ (g^ — 2£)Ei T y ^ (oj -t- £)Ei. 

2=1 2=4 

In each case, the divisor on the right hand side produces an 22-polar cylinder on S with a 
sufficiently small positive real number £. 

Case 4. £ = A. 

Suppose that (mi, mo) = (4,1). When we obtain the birational morphism 4>i, we contract E'l 
instead of Ei. Then this new contraction maps S onto F 1 . The curve Ci meets -Ei,..., -E 4 and 
the curve C[ intersects E[ and E 2 - We apply (16. 2. 71) to this new set-up. Then we obtain 

4 

nH = (1 — £)Ci -|- (1 -|- £)Ci -|- (a -|- £)M -)- £&^ -)- £E2 -|- y y cLj — £)Ei. 

2 = 1 

If (mi, mo) = (3,2), then we apply (|6.2.6D to yield 

2 3 

fiH = (1 -|- £)Ci -|- (1 — ^)C*i (ci — 2 e)T -|- ((I 4 — £)E /4 -|- y ^ eE^ y ^ (q^ + ^'jEi. 

2=1 2 = 1 

If (mi, mo) = (3,0), then use (|6.2.9p . and obtain 

3 2 

= (1 — 2£)Ci -|- (1 -|- £)Ci -|- (fl -|- £')Li -|- £L2 T (04 T ^^Ei y ^ (oj — 2£')Ei -|- y ^ eEi. 

2 = 1 2=1 

If (mi, mo) = (2,1), then we contract E '2 instead of E 2 when we obtain the birational mor¬ 
phism (/>!. This new contraction sends S' to Fi. The curve Ci meets Ei, E 2 , Ei, E 2 and the curve 
C'l intersects E 2 and E^. Apply ()6.2.8p to the new contraction, and we obtain 

2 4 

jjiH = (1 -|- e)Ci “b (1 — ^)C*i -|- (fl — e^M -\~ eEi -\~ £E2 -\~ y ^ (flj + £)Ei -|- y ^ (q^ — E')Ei. 

2=1 2=3 

These four equivalences show that S has an 22-polar cylinder if £ = 4. 
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Case 5. £ = 3. 

If (mi,mo) = (3,2), then we contract E'l and E 2 instead of Ei and E 2 when we obtain the 
birational morphism ^ 1 . Then new contraction maps S' to x Therefore, it is enough to 
consider the case (mi,mo) = (3,0) below. 

If (mi, mo) = (2,3), then apply (I6.2.6P and we obtain 

2 3 

[iH = (1 + £)Ci + (1 — ^)C'i + (fl — ‘Ie^L + (03 — e^E^ + ^ ^ ( q ^ + E)Ei + ^ ^ eEi. 

i=l i=l 

If (mi, mo) = (3,0), then we use (16.2.91) to get 

3 3 

fiH = (1 — 2e)C'i + (1 + e)C[ + (a + e)Ti + EL 2 + ^ ^ (uj — 2e)£'j + ^ ^ eE^. 

i=l i=l 

Suppose that (mi,mo) = (2,1). Then we contract E '2 ^'3 instead of E 2 and E^. This 

new contraction reduces this case to the case where (mi,mo) = (2,3) above. 

Consequently, these two equivalences verify that S has an fl-polar cylinder. □ 

Theorem 6.2.10. If the ample ^.-divisor H is of type C{7) with length 3 ^ ^ ^ 6, then S 
contains an H-polar cylinder. 

Proof. Due to Lemma 16.2.41 we may assume that there exists a cuspidal rational curve C in 
I — Ks\. Let P be the point at which the curve C has the cusp. Each E^ intersects the curve C 
at a single smooth point. 

We construct Ll-polar cylinders case by case, according to the length £. 


Case 1. £ = 6 and IT = P^ x P^. 


There are two 0-curves Ei,E 2 passing through the point P and not meeting any of Efs. Note 
that the curve B must intersect one of the 0-curves Fi, F 2 . We may assume that it intersects 
El. Then B = F 2 . We see that 

6 

—Kg = (1 — e)C 2eFi -|- (o -|- 2e)T2 — aB — e ^ ^ E^, 

i=l 


and hence 

6 

pH = (1 — e)C 2eFi -|- (o -|- 2e)T2 -(- ^ ^ (oj — E)Ei. 

i=l 

Let TT : S ^ S he the blow up at the point P and let E be the exceptional curve of vr. Then S 
is a weak del Pezzo surface of degree 1 and it has exactly one (—2)-curve, the proper transform C 
of C. Denote the proper transforms on S of the curves Ei,..., Eq, Ei, F 2 hy Ei,..., Eq, Fi, F 2 . 
Contracting the (—l)-curves Ei,... ,Eq, Fi, F 2 , we obtain a birational morphism : S ^ P^. 

For a sufficiently small positive real number e, the divisor above defines an Ll-polar cylinder 
since 

5 \ (C U Fi U F 2 U El U ... U Eg) ^ P2 \ i'lpiC) U V'(E)), 

where 'tp{C) and tpiE) are a conic and a line meeting tangentially at a single point on P^. 


Case 2. = 6 and IT = Fi. 

In this case, we have only one 0-curve F passing through the point P and not intersecting any 
of Efs. Instead, we consider the Zariski tangent line M to C at the point P. This is a 1-curve. 
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Note that the curve 4>i{B) is a 0-curve and it intersects the unique (—l)-curve on Fi. We have 

6 

—Ks = (1 — e) C -|- 2eM -|- (a -|- £)F — aB — e ^ Ei, 


2=1 


and hence 


fj,H = (1 — e) C -|- 2eM -|- (a -|- £)F -|- {ai — e) Ei. 


2 = 1 


For a sufficiently small positive real number e, this defines an Ff-polar cylinder (see Exam¬ 
ple IHS]). 


Case 3. £ = 5. 


There are two 0-curves Li, L 2 such that 

• they pass through P; 

• they do not meet each other outside P; 

• they are disjoint from the curves Pi,..., P 5 . 

In addition, there is a unique 1-curve T that intersects C only at P and that does not meet any 
of Pj’s (see Example 14. 1.101) . Note that the curve P is a 0-curve. It may be assumed to intersect 
Li but not p 2 - Then 


5 

—Ks = (1 — £)C + eLi -|- (a -|- e)L 2 + eT — aB — e Ei, 

2=1 


and hence 


5 


fiH = (1 — £)C -\- eLi -|- (u -|- £)L2 T T 'y ^ (flj — ^)Ei. 


For a sufficiently small positive real number e, this dehnes 
pie 14.1.101) . 


2=1 

an P-polar cylinder (see Exam- 


Case 4. (. = 4 :. 

The surface S has three 0-curves Pi, P 2 , P 3 such that 

• they pass through P; 

• they do not intersect each other outside P; 

• they are disjoint from the curves Pi, P 2 , P 3 , P 4 . 

In addition, it has two 1-curves Gi,G 2 such that 

• they meet G only at P; 

• they do not intersect each other outside P; 

• they are disjoint from the curves Pi, P 2 , P 3 , P 4 

(see Example 14.1.lip . The curve P is a 0-curve. We may assume that it intersects Pi, P 2 but 
not P 3 . Then 

4 

—Ks = (1 — 2£)G £{Ei -|- P 2 ) -|- (a -|- £)P 3 -|- £{Gi G 2 ) — aB — 2e y ^ Pj. 

2=1 

Therefore, 

4 

/iP = (1 — 2£)G £(Pi -|- P 2 ) -|- (ci -|- £)P3 -|- £(Gi -|- G 2 ) y — ‘2‘£)Ei. 

2=1 

Eor a sufficiently small positive real number £, this defines an P-polar cylinder as shown in 
Example 14.1.111 
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Case 5. £ = 3. 

In this case, the surface S has five 0-curves Fi,..., F 5 such that 

• they pass through P; 

• they do not intersect each other outside P; 

• they are disjoint from the curves Pi, P 2 , P 3 

(see Example 14. 1.131) . The curve P is a 0-curve. We may assume that it meets Pi, P 2 , P 3 , P 4 
but not P 5 . Then 

4 

—Kg = (1 — 2 £')C* -|- e ^ ^ Pj -|- (a -|- s)F^ — aB — 2 e'(Pi -|- P 2 -|- P 3 ). 

Therefore, 

4 

fjjH = (1 — 2e)C* -|- E ^ ^ Pj -|- (a -|- £)Fq (ui — 2e')Pi -|- (02 — 2 e)p 2 -I- ( 0,3 — 2 e)p 3 . 

i=l 

For a sufficiently small positive real number e, this defines an P-polar cylinder. □ 

Theorem 6.2.11. If H is of type C{7) with a > ^, then S contains an H-polar cylinder. 
Proof. Put 4>i{Ei) = Pj for i = 1,..., 6 . 

Suppose that IT = x P^. We may assume that <^i(P) is a curve of bidegree (0,1). Let C 
be the curve of bidegree (1,0) passing through the point Pi. Let Pj be the curve of bidegree 
(0,1) passing through the point Pj for i = 1,..., 6 . We have 

1 ® 

—Ppixpi = 2C ^ Pj. 

i=i 

We then obtain 

1 4 1 ^ 2 ^ 

-Ks = 2C + -Pi + -Pi + - P, - - P„ 

i=2 i=2 

where C and Ffs are the proper transforms of C and Ffs by fi, respectively. Since B = P* -|- Pj 
for each i, we have 

-Ks + aB^2c + in + in + (^^ + 0 g n + 0 g n. 

Since | — | > 0, Example 14.1.41 shows that S has an P-polar cylinder. 

We now suppose that IT = Pi. Let C be the negative section of Pi. Note that C cannot pass 
through any of the points Pj. Take the fiber Pj of the P^-bundle morphism of Pi to that 
passes through the point P, for each i. We have 

1 ® 

-Pp, = 2 C + -^P,. 

i=l 

We then obtain 

1 ® 

-Ks^2C + -Y,{Fi-Ei), 

i=l 

where C and Ffs are the proper transforms of C and Pj by </>!, respectively. Since B = Fi + Ei 
for each i, we have 



Kg -\- aB = 2C 
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Since a > 3, Example 14.1.11 verifies that S has an ff-polar cylinder. □ 

Theorems 16.2.21 [6.2.3116. 2.10] and 16. 2. Ill imply (1), (2), (3), and (4) in Theorem l2.2.4l respec¬ 
tively. 

6.3. Cylinders in del Pezzo surfaces of degree 1. In order to prove Theorem 12.2.51 let S 
be a smooth del Pezzo surface of degree 1 and let H be an ample M-divisor on S. We use the 
same notations as those at the beginning of Subsection 16.21 

Again we first consider ample R-divisors of type B{r). Let Ei,... ,Er be the r disjoint (—1)- 
curves that generate the face A. We may then write 

r 

Ks + fJ.H = y^^ajEj, 
i=l 

for some positive real numbers oi,..., a,.. We may assume that oi ^ ... ^ o^. 

Proposition 6.3.1. Suppose that r ^ 3, 2ai + 2a2 + 03 >4, the contraction (p is a birational, 
and Z ^ X P^. Then S contains an H-polar cylinder. 

Proof. Note that Z is a smooth del Pezzo surface of degree r + 1. Moreover, by our assumption 
Z ^ P^ X P^. Thus, either Z = P^ or Z is a blow up of P^ at (8 — r) points in general position. 
For both the cases, let i/’: Z —>■ P^ be the blow up. If 8 — r > 0, denote the proper transforms 
of these i/^-exceptional curves on S by E^+i,..., Eg. Put Pi = (j{Ei) and a = ip o (p. 

Let C be the conic in P^ passing through the points P 4 ,...,Ps. Let L be a line passing 
through the point P 3 and tangent to the conic C and let Q be the intersection point of the line 
L and the conic C. For f = 1,2 let Ci be the conic passing through the point Pi and intersecting 
C only at the point Q. 

The open subset [/ = P^ \ (L U C U Ci U C 2 ) is a cylinder. 

We claim that the cylinder U' := a~^(U) ~ t/ is E-polar. Indeed, for a real number e we 
have 

—Kp2 = (1 + 3e)C + (ai — e) Ci + (q !2 ~ £) C 2 + (ng — 2e) L, 
where ai, 02 ) «3 > 0 and 2ai + 2 q !2 -|- 0:3 = 1- Hence, 

8 

-Ksr~^a*{-Kp2)-Y,Ei 

i=l 

= (1 + 3 £)C + (q!i — e) Cl (02 “ £') C 2 + (ci 3 — 2 e) L+ 

8 

+ (oi — e — 1) El ( 0:2 — £ — 1) E 2 + (03 — 2e — 1) E 3 -|- 3e ^ ^ Ei, 

i=4 

where L, C and Cj are the proper transforms of the line L and the conics C, Cj, respectively. 
We then obtain 

pH = (1 + 3£')C* + (oil — e) Cl + (02 — e) C 2 + (C 13 — 2 e) L+ 

8 

+ {oii + oi — £ — 1 ) El + ( 0:2 + 02 “ £ ~ 1 ) E 2 + ( 0:3 + 03 — 2 £ — 1 ) E 3 -|- ^ ^ (3£ + ai)Ei, 

i=4 

where o, = 0 if i > r. Put ai = |£ -|- 1 — oi, 02 = |e + 1 — «2 and 03 = 2ai + 2 a 2 — 6 £ — 3. 
Since 2ai + 2 a2 + 03 > 4, for a sufficiently small positive real number £, all the coefficients in 
the divisor above are positive. This proves our claim. □ 
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We now suppose that the morphism cf) \ S ^ Z \s a. conic bundle, i.e., Z = ¥^. We may write 

7 

Ks + fJ-H = aB + QiEi 

i=l 

where B is an irreducible fiber of (/>, EiS are disjoint (—l)-curves in fibers of (/>, a is a positive 
real number, and Uj’s are non-negative real numbers. 

Proposition 6.3.2. If H is of type C{8) with a > ^, then S has H-polar cylinders. 

Proof. The proof of Theorem 16.2.111 works almost verbatim for this case. □ 
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